After reviewing some of the fundamental aspects of Drinfel'd doubles and Poisson-Lie Tduality, we describe the three-dimensional isotropic rigid rotator on SL(2, C) starting from a non-Abelian deformation of the natural carrier space of its Hamiltonian description on
Introduction
T-duality is a peculiar feature of strings, since it is inherently linked to their extended nature and, therefore, cannot subsist for point particles. It originally emerges out of compactifying the target space along some directions. Indeed, the one-dimensionality of a string allows it to wrap around non-contractible cycles, resulting in winding mode contributions to its dynamics in addition to the ones of momentum modes familiar from particle dynamics, quantized in integer units. T-duality relates these two kinds of modes. It implies that, in many cases, two different geometries for the extra dimensions are physically equivalent, i.e. string physics at a very small scale cannot be distinguished from the one at a large scale, as it is shown in the simplest case of compactification of a spatial coordinate on a circle of radius R. Here, T-duality is encoded by the simultaneous transformations of R ↔ α ′ R and p a ↔ w a , where p a is the quantized momentum of the string and w a is its winding mode. Under such transformations, the string coordinate along a compact dimension X a , sum of the left and right movers, is transformed into the T-dual coordinateX a , defined by their difference. The winding mode w a plays with respect toX a the same role as p a does with respect to the coordinate X a . This leads to a duality between two different target spaces with the string theories defined on them resulting to be equivalent, as can be seen from the mass spectrum analysis. More generally, T-duality allows to build new string backgrounds which could not be addressed otherwise and generally go under the name of nongeometric backgrounds (see e.g. [1] for a recent review on the subject). Furthermore, together with S-duality and U-duality, it lies at the heart of relating the five different superstring theories that turn out to be seen as low-energy limits of the so-called M-theory.
On a d-dimensional torus T-duality is described by an O(d, d; Z) transformation that is a symmetry of the Hamiltonian but not of the action of the theory. This is actually reminiscent of a more general symmetry.
Indeed, one can observe that, already at the classical level, the symmetry under the indefinite orthogonal group O(D, D; R) -in the following we will refer to it as O(D, D) -naturally appears in the Hamiltonian description of the bosonic string in a D-dimensional pseudo-Riemannian target space M with arbitrary background (G, B), being G the target space metric and B the Kalb-Ramond field. Such string is described by the well-known two-dimensional non-linear sigma model action:
where the two-dimensional world-sheet Σ (α, β = 0, 1), with metric h = diag(−1, 1) in the conformal gauge, is embedded into M (a, b = 0, . . . , D − 1). The convention ǫ 01 = −ǫ 10 = −1 is adopted from now on.
The Hamiltonian density H can be derived from the Lagrangian density L in eq. (1.1) by a Legendre transformation with respect to ∂ 0 X a . The canonical momentum P a is given by:
with inverse ∂ 0 X a = 2πα
The result is:
which, by means of (1.2), yields
and the so-called generalized metric
has been introduced. Hence, H in eq. (1.4) is proportional to the squared length of the following 2D-dimensional generalized vector field A p ∈ T M ⊕ T * M:
as measured by the generalized metric, i.e. H = if also the metric and the Kalb-Ramond field are transformed according to the transformation of H as:
Actually, it is easy to check that the invariance of H under A P → T A P holds for any element Alternatively, one can get the O(D, D) invariance of H also through the following considerations [2] . In terms of the generalized vector A P , the constraints coming from the vanishing of the two-dimensional energy-momentum tensor T αβ = 0, i.e from the equation of motion of the world-sheet metric h
can be respectively rewritten as:
The first constraint sets the Hamiltonian density to zero, while the second one completely determines the string dynamics. All the admissible generalized vectors satisfying the second constraint are related by an O(D, D) transformation viaÃ P = T A P . In order to satisfy also the first constraint, a compensating O(D, D) transformation T −1 : H → (T −1 ) t HT −1 has to be applied to the generalized metric H.
In the presence of constant background (G, B) along d directions labelled by a, b = (1, . . . , d) or, equivalently, in the presence of d toroidally compactifed dimensions, the equations of motion for the string coordinates represent a set of conservation laws of currents, locally defined on the world-sheet: [3] :
Eq. (1.13) provides the following definitiion of the dual coordinate of X a , denoted byX a :
By comparing the transformed metricH ≡ H −1 with H we may re-interpret its entries in terms of new fields (G,B) whose expression in terms of the previous ones can be easily read off. Thus, the initial Polyakov action S defines a dual actionS which is a functional of the constant dual (G,B)-background. The relations:
are the so called Buscher rules [4, 5] . Since S andS describe the evolution of the same string theory, they are dual to each other.
In terms of the generalized vector This has suggested since long [6, 7, [11] [12] [13] 16 ] to look for a manifestly T-dual invariant formulation of string theory that has to be based on a doubling of the string coordinates in the target space, since it requires the introduction of both the coordinates X a and the dual onesX a . The main goal of this new action would be to explore more closely aspects of string geometry, hence of string gravity.
From a manifestly T-dual invariant two-dimensional string world-sheet, Double Field Theory (DFT) [17] should emerge out as a low-energy limit. DFT developed as a way to encompass the Abelian T-duality in field theory and Doubled Geometry underlies it. In DFT, diffeomorphisms rely on an O(d, d) structure defined on the tangent space of a doubled torus T 2d . A section condition has then to be imposed for halving the 2d coordinates. There is a vast literature concerning DFT [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] , including topological aspects and its description on group manifolds.
Abelian T-duality requires the two dual target spaces to have Abelian isometry groups, but starting from the work in ref. [34] , it was clear that a non-Abelian generalization is possible, where one of the two isometry groups is non-Abelian. Recently, a further generalization has attracted growing interest, which is the so-called Poisson-Lie T-duality [35] [36] [37] [38] . Differently from the other two types, this latter does not require the presence of isometry groups. There are many reasons to consider this more general duality: at the classical level a lot of models are concerned with T-duality without isometry and at the quantum level there arise possibilities of existence of non-trivial discrete symmetries relating a weak coupling regime of one quantum field theory to the strong coupling regime of the dual theory. Last but not least, it has paved the way to new perspectives in string theory in non-geometric backgrounds [40, 41] .
In particular, Poisson-Lie T-duality relies on the concept of Drinfel'd double [42] . As already remarked, the standard Abelian T-duality refers to the presence of Abelian isometries U (1) d in both the dual sigma models and they can be composed into U (1) 2d that provides the simplest example of a Drinfel'd Double, i.e. a Lie group D whose Lie algebra d can be decomposed into a pair of maximally isotropic subalgebras with respect to a non-degenerate invariant bilinear form on d. We review the basic aspects of Drinfel'd doubles and its relation to T-dualities in Sect. 2.
A classification of T-dualities can be given according to the types of underlying Drinfel'd doubles [35, 36] :
• Abelian doubles correspond to the standard Abelian T-duality. The Drinfel'd double is Abelian, with Lie algebra given by the direct sum d = g ⊕g of the Abelian algebra g and its dual;
• semi-Abelian doubles (d = g⊕g withg Abelian and⊕ indicating the semi-direct sum) correspond to non-Abelian T-duality or, equivalently, they correspond to the standard non-Abelian T-duality between a σ-model with a G-target, isometric with respect to the Lie group G having g as its Lie algebra, and a non-isometric σ-model with the targetg viewed as the Abelian group;
• non-Abelian doubles (all the others) correspond to Poisson-Lie T-duality where no isometries hold for either of the two dual models.
The Double Field Theory framework has also been considered in connection with Generalized Geometry (GG) [43] [44] [45] , which has consequently arisen as a mean to geometrize duality symmetries. GG is based on replacing the tangent bundle T M of a manifold M with a kind of Whitney sum T M ⊕ T * M, a bundle with the same base space but fibers given by the direct sum of tangent and cotangent spaces, and the Lie brackets on the sections of T M by the so-called Courant brackets, involving vector fields and one-forms. The Courant bracket of two sections of 18) where X, Y are tangent vectors and ξ, η cotangent vectors, such that X + ξ and Y + η are elements of the fibers T ⊕ T * . The important point of such bracket is that it commutes with the action of a closed 2-form B [44] . Furthermore, it is easy to note that both this bracket and the inner product naturally defined on the generalized bundle (x + ξ, X + ξ) = i X ξ are invariant under diffeomorphisms of the underlying manifold M. This, together with the fact that a global closed 2-form B will also preserve both the inner product and Courant bracket, means an overall action of the semi-direct product of diffeomorphisms and closed 2-forms. This formal setting has attracted interest in relation to DFT because it takes into account in a unified fashion vector fields, which generate diffeomorphisms for the G ij field, and one-forms, generating diffeomorphisms for the the B ij field.
Therefore, it seems relevant to analyze more deeply the geometrical structure of (Abelian, non-Abelian, Poisson-Lie) T-dualities and their relations with Generalized Geometry and/or Doubled Geometry.
In this work we review the results presented in [46] , where a simple mechanical system has been considered: the three-dimensional isotropic rigid rotator (IRR), thought of as a (0+ 1)-field theory. The interest for such model is due to the fact that it is a kind of non-linear sigma model with one dimensional source space and target space the Lie group SU (2). A remarkable property of this model is that its dynamics exhibits Poisson-Lie symmetries [47, 48] when described in the Hamiltonian approach, by replacing the cotangent space of SU (2) with the group SL(2, C) which plays the role of the alternative phase space of the model. The result is consistent with the two spaces, T * SU (2) and SL(2, C), being symplectomorphic [48] . Let us remark here that the concept of Poisson-Lie symmetry, which concerns a single dynamical model, can be stated independently and it is indeed a pre-requisite for Poisson-Lie duality, which requires instead two dynamical systems with different carrier spaces to be formulated. With this distinction in mind, in [46] the IRR model was considered under yet another point of view, the goal being to introduce a model on the dual group of SU (2), with the aim of exhibiting a Poisson-Lie dual system, according to the definition given above. It turned out that the model on the dual group doesn't describe the same dynamics, though paving the way to a field theory generalization of the whole construction, which describes the Principal Chiral Model of SU (2) and its dual partner as Poisson-Lie duals [56] . The IRR is thus to be conceived as a toy model, where the key features of Poisson-Lie symmetries and Poisson-Lie duality can be clearly understood, although it should be stressed that its dynamics is not invariant under such transformations.
After defining the dual model, a parent action on the Drinfel'd double of SU (2) is introduced, containing a number of degrees of freedom which is doubled with respect to the original one and from which both the original model and its dual can be recovered by a suitable gauging. The geometric structures that appear can then be understood in terms of Generalized Geometry and/or Doubled Geometry.
Drinfel'd Doubles and Poisson-Lie T-Duality
In this section we shortly review the mathematical setting of Drinfel'd doubles and Poisson-Lie T-duality, with particular focus on sl(2, C) as a double Lie algebra, which is needed in order to explore the relation between Drinfel'd doubles, Double Geometry and Generalized Geometry by introducing a new formulation of the IRR on sl(2, C) with manifest symmetry under duality. More information on these topics can be found in ref.s [1, 36, 46, 49, 50] , which are going to be closely followed in this section.
Drinfel'd double structure of sl(2, C)
A Drinfel'd double D is an even-dimensional Lie group whose Lie algebra d can be decomposed into a pair of maximally isotropic subalgebras, g andg, with respect to a non-degenerate invariant bilinear form on d. About the terminology, for a subspace to be isotropic it means that the bilinear pairing of any two of its elements vanishes, while maximal refers to the fact that such subspace cannot be enlarged preserving the isotropy condition.
The associated Lie algebra is denoted by d = g ⊲⊳g emphasizing the symmetric construction, and Lie brackets are given by
being T i andT i , with i = 1, 2, . . . , d, respectively the generators of g andg, both d-dimensional. Let us notice that these Lie brackets emerge in the description of the gauge algebra of string compactification on a Poisson-Lie background [51] .
The two Lie subalgebras, when taken together, define a Lie bialgebra (g,g) and generate respectively the two Lie subgroups G andG, such that D = G ⊲⊳G (with an abuse of notation we use the same symbol for the algebra and group composition). In this picture it is clear what dual means: G andG are dual Lie groups in the sense that they are dual partners with respect to this decomposition. Note that since the role of the two subalgebras can be intercharged, (g, g) is a Lie bialgebra as well. By construction, alsod is a Lie bialgebra, and in particular d,d is called the double of (g,g) [52] .
In general, a particular splitting of the Drinfel'd double in terms of maximally isotropic subspaces is called a polarization, and when the subspaces involved in the polarization close as subalgebras, the triple (d, g,g) is called a Manin triple [42, 53, 54] . In this particular case, a natural O(d, d) structure appears as duality pairing between the two subalgebras. In fact, the duality pairing between g andg with respect to which the isotropy follows is an invariant
3)
The set of polarizations corresponding to a given Drinfel'd double plays the role of the modular space of sigma models which, when related to Manin triples, are mutually connected by PoissonLie T-duality. In the Abelian case the Drinfel'd double is U (1) 2d and its modular space is nothing but O(d, d, Z). Because of the symmetric construction and the symmetric role of the two subgroups, the modular space in question has always at least two points, originating from G/G and the quotient obtained exchanging the groups [36] . Furthermore, it can be shown that a para-Hermitian structure can be defined on D, induced by the Manin triple polarization d = g ⊲⊳g [46, 49] .
For the purpose of this work, we will focus on the Drinfel'd double structure of d = sl(2, C).
It is known that the Lie algebra sl(2, C) can be regarded as a real form of the complex Lie algebra sl(2). Indeed, sl (2) is defined by the Lie brackets
its generators. However, by taking complex linear combinations of the sl(2) generators given by
the real algebra sl(2, C) is recovered with its Lie brackets
From (2.8) it is clear that the e i 's are the generators of the su(2) subalgebra.
One can also consider the dual vector space su(2) * by introducing a basis of vectors {ẽ j } dual to {e i } in (2.6):
This is indeed dual with respect to the natural scalar product (the Killing-Cartan form) defined in sl(2, C) as
as can be easily seen by showing that
The dual vector space su(2) * is in turn the Lie algebra sb(2, C), with the following brackets:
with sb(2, C) structure constants f ij k = ǫ ijl ǫ l3k . Furthermore, the Lie bracket
shows that each subalgebra acts on the other one non-trivially, by co-adjoint action.
It is important to note that both su(2) and sb(2, C) are maximally isotropic with respect to the scalar product (2.10):
therefore, (sl(2, C), su(2), sb(2, C)) is a Manin triple with respect to it, and sl(2, C) can be understood as a Drinfel'd double with polarization sl(2, C) = su(2) ⊲⊳ sb(2, C). SU (2) and SB(2, C) are then dual groups, in the sense that they are dual partners with respect to this particular splitting. Observe that the Lie brackets of (2.8) (for the e i ), (2.12) and (2.13) have exactly the form as (2.1).
There is also another non-degenerate invariant scalar product which can be defined on sl(2, C) as:
su(2) and sb(2, C) are no longer isotropic subspaces with respect to this scalar product, in fact, for the basis elements:
Note that this does not give rise to a positive-definite metric. However, on denoting by C + , C − respectively the two subspaces spanned by {e i } and {b i }, the splitting sl(2, C) = C + ⊕C − (which is not a Manin triple polarization) defines a positive definite metric H on sl(2, C) as follows:
This is a Riemannian metric and we denote it with the symbol (( , )). In particular:
In Sect. 5 we will see that in doubled notation e I = e i e i , with e i ∈ su(2) and e i ∈ sb(2, C), the scalar product in (2.10) defines precisely the O(d, d) (in this case d = 3) invariant metric while the Riemannian scalar product in (2.18) defines a pseudo-orthogonal O(d, d) matrix that will correspond to the generalized metric.
As a further interesting remark, the Riemannian structure H can be mathematically formalized in a way which clarifies its role in connection with Generalized Geometry [45] [55] : it can be related to the structure of para-Hermitian manifold of SL(2, C) and therefore generalized to even-dimensional real manifolds which are not Lie groups.
Poisson-Lie T-duality
As announced in the introduction, in order to formulate the invariance under Poisson-Lie Tduality as a generalization of Abelian and semi-Abelian T-dualities, we need to state the concept of Poisson-Lie symmetry.
Definition 1 A coordinate transformation associated to the Lie group G is a symmetry of the dynamics if it leaves the equations of motion unchanged in form.
If it is also a symmetry for the auxiliary geometric structures which are relevant to the chosen formulation (symplectic form, Poisson brackets and Hamiltonian in the Hamiltonian approach, functional action and Lagrangian in the Lagrangian approach), namely an isometry, then the symmetry yields constants of motion, which are associated to conserved Nöther currents.
Definition 2 If a given symmetry of the dynamics under the Lie group G is not a symmetry for the auxiliary geometric structures, that is not an isometry, but the violation is governed by the Maurer Cartan structure equation of the Drinfel'd dual groupG associated to the group G, the symmetry of the dynamics is a Poisson-Lie symmetry.
Let us be more specific. To be definite, let us choose the Hamiltonian approach. let us assume that the dynamics of the system under consideration is invariant under the action of a given Lie group G, namely, Hamilton equations of motion are unchanged. These are, for a certain observable f (q, p)ḟ = Λ(df, dH) (2. 19) with Λ the Poisson tensor and H the Hamiltonian. These are certainly invariant under a given Lie group action with infinitesimal generator X a if both Λ (or the symplectic form ω), and H are invariant
or, in other words, we have conserved quantities defined by
but this is only a sufficient condition. In order for the dynamics to be invariant we might modify both the Poisson brackets and the Hamiltonian in such a way that their Lie derivative is nonzero, but (2.19) does not change. In terms of the symplectic form this implies that θ a = i Xa ω is not and exact form anymore, namely dθ a = 0 and it does not define a constant of motion. If θ a is such that
with f a bc structure constants of a Lie groupG, which can be determined algebraically by requiring the product G ⊲⊳G to be the Drinfel'd double of G, the symmetry of the dynamics under the action of G is a Poisson-Lie symmetry and the one-forms associated to the infinitesimal generators of the G symmetry through the symplectic form are Maurer-Cartan one-forms of the dual groupG.
Once a Poisson-Lie symmetry is found for a given dynamical model, under the action of a Lie group G, one can construct a model with a different target space, which is acted on by the dual groupG. If this model possesses a Poisson-Lie symmetry as well, namely the one forms associated to the infinitesimal generators ofG through its symplectic formω are Maurer-Cartan one-forms for G, the two models are dual to each other and the symmetry under duality is what is called an invariance under Poisson-Lie duality.
In order to understand this picture on an interesting model, and reconnect to definitions commonly used in the literature, which mainly rely on the Lagrangian approach, let us consider the bosonic string sigma model in a target space M with (G, B) background.
We demand the target space to admit the free action of a Lie group G. The action of the theory in eq. (1.1) can be rewritten by introducing complex coordinates z andz on the world-sheet, in a convenient form as:
with E ij = G ij + B ij a matrix combining the metric tensor on the target space and the antisymmetric Kalb-Ramond B field. By varying the action with respect to the coordinates, with
This can be proved performing explicitly the variation of the action, obtaining:
where L Va denotes the Lie derivative along the vector field V a , and realizing that
In the standard T-duality approach, one would have the current one-forms J a to be closed, which follows from the requirement that the Lie derivative along V acting on G and B vanishes, namely, besides an invariance of the dynamics, we have also an invariance of the geometric structures. Therefore, the left-invariant vector fields V a have to be Killing vectors, and T-duality is along a direction of isometry. This is the standard picture where isometry is the founding ingredient. However, if we are in the presence of a symmetry of the dynamics which is not an isometry, but the currents obey the following on-shell integrability condition (the Maurer-Cartan equation advocated above)
withf bc a structure constants of a certain Lie algebra, the V a 's do not correspond to isometries. This can also be seen by using both the integrability condition and the fact that on-shell the variation of the action vanishes:
It is straightforward to obtain 27) and putting this in eq. (2.26), we have
If the currents are not closed but satisfy the integrability condition, it turns out thatf bc a are the structure constants of the Lie algebrag corresponding to the dual Lie groupG (in the sense of Drinfel'd) and the theory is said to have a Poisson-Lie symmetry. Hence, in order to formulate Poisson-Lie T-duality, in contrast to the Abelian and non-Abelian versions, isometries are not required. It is a more general version since the two latter versions are particular cases. In fact, if isometries are present, the dual Lie group is Abelian and dJ a = 0, which is a particular case of (2.25). Therefore, we understand that, formally, (2.25) is the Maurer-Cartan equation for the current one-forms on the dual groupg.
Being V a the left-invariant vector fields on the Lie group G, by using the commutators of the Lie derivatives along these fields the Lie algebra g of G can be recovered:
By combining the expression for the variation of E ab along the left-invariant vector fields (2.28) with the commutation relations (2.29), a compatibility relation between the structure constants of the two Lie algebras is obtained: 30) which, consideringg as the dual vector space of g, is the Lie bialgebra structure. It is possible to show that this compatibility relation requires these two algebras to be the maximally isotropic subalgebras of a Drinfel'd double d = g ⊲⊳g with respect to a bilinear invariant pairing such as (2.2), (2.3). This is the reason why Drinfel'd doubles are the main objects in Poisson-Lie T-dualities.
Following the approach described above, in order to obtain Poisson-Lie T-dual models, one has to investigate the possibility of building a model on a target space which is acted upon by the groupG and study its symmetries. This is precisely the purpose of studying the IRR model and its dual partner on the Lie group SB(2C).
The Isotropic Rigid Rotator
In this section, following [46] , we consider an explicit and simple model: the three-dimensional isotropic rigid rotator, considered as a (0 + 1)-dimensional SU (2) valued field theory. The model is simple but nonetheless it can give precious information, especially in view of its direct true field theory generalization that is the principal chiral model, analysed in [56] having this simple model as a guide. This is not the only generalization whose dynamics can be captured by the rotator, such as the Wess-Zumino-Witten model (whose results are going to be detailed in a forthcoming paper [57] or (2 + 1)-dimensional gravity in its first order formulation [58] among many others.
A suitable action for the IRR model is the following
with ϕ : t ∈ R → g ∈ SU (2), * the Hodge star operator on R, defined such that * dt = 1 and ϕ * denotes the pull-back map, so that ϕ * g −1 dg = g −1 ∂ t g dt defines the pull-back of the Maurer-Cartan left-invariant one-form g −1 dg on R.
In particular, being g −1 dg ∈ Ω 1 ⊗ su(2): g −1 dg = iα k σ k , with σ k the Pauli matrices and α k basic left-invariant one-forms. Here Ω 1 denotes the space of one-forms on the group manifold. The group manifold SU (2) can be parametrized by the embedding in the ambient space R 4 as follows: g = 2 y 0 e 0 + iy i e i , g ∈ SU (2), with y 0 2 + i y i 2 = 1, e 0 = 1/2, e i = σ i /2. One has then:
On SU (2) we have g −1 = g † , so that
where we used the well known relation σ i σ j = δ ij 1 + iǫ k ij σ k . Moreover, the last term appearing in the above equation is vanishing since y 0ẏ0 + y iẏi = 1 2
defining the left generalized velocitiesQ i ≡ y 0ẏi − y iẏ0 + ǫ i jk y jẏk , which allow us to write the Lagrangian as L 0 = 1 2Q iQj δ ij . This can be seen as follows:
using the fact that the σ matrices are traceless.
The Euler-Lagrangian equation of motion can be written in its intrinsic formulation [59] , especially relevant for non-invariant Lagrangians * , as: By projecting along the basic left-invariant vector fields X i (dual to the basic left-invariant one-forms α i ), one obtains:
where i X i is the notation for the interior derivative along the vector field X i . Since L Γ and i X i commute over the Lagrangian one-form † , one gets:
where we have used the fact that i X df = L X f for f a function. Since i X i α l = δ l i and L X i L 0 = * This is not the case, but it will be useful for the dual model which we will show to have non-invariant Lagrangian.
† This is general:
pQq ǫ k ip δ qk , we are left with the equation of motion
but the latter term is vanishing because it is the contraction of a symmetric and of an antisymmetric tensor, henceQ
Left momenta can be calculated as usual as:
and cotangent bundle coordinates can then be chosen to be Q i , I i . The Legendre transform from T SU (2) to T * SU (2) yields the Hamiltonian function:
By introducing the dual basis e i * in the cotangent space, such that e i * |e j = δ i j , one can consider the form
In the first order formulation the action results to be
where
is the canonical one-form, and reminding that the generators are defined as e i = σ i /2. The symplectic form can then be obtained as
where we also used the Maurer-Cartan equation dα k = ǫ k ij α i ∧ α j . One can then calculate Poisson brackets by inverting ω. The corresponding bi-vector field Λ will be written in terms of the basis vector fields ∂ I j , X j respectively spanning the fibers and the base manifold of the cotangent bundle. Using the fact that
By imposing the inverse condition one can easily see that a j i = −δ j i , b ij = ǫ k ij I k and c ij = 0, so that y i , y j = 0 and {I i , I j } = ǫ k ij I k . In order to calculate the y i , I j bracket, one has to use the expression of the left invariant vector fields in the chosen R 4 parametrization. To this, by recalling that α j = 1 2 Trg −1 dgσ j = y 0 dy j − y j dy 0 + ǫ j lk y l dy k , and using the property
but since:
one gets:
From the Poisson brackets
the Hamilton equations of motion can be derived:
These equations show that the fiber coordinates I i , associated to the angular momentum components, are constants of motion as expected, while g undergoes a uniform precession. In this case, since the Lagrangian and the Hamiltonian are invariant under both left and right action of the SU (2) group, also the right momenta can be seen to be conserved as well, making the model super-integrable. This will not be the case for the dual model, as we show in Sect. 4.
The fibers of the tangent bundle T SU (2) are, as vector space, su(2) ≃ R 3 , beingQ i vector fields components. The fibers of the cotangent bundle T * SU (2) are isomorphic to the dual Lie algebra su(2) * . This, as a vector space, is again R 3 , but now I i are one-form components.
The carrier space of the Hamiltonian dynamics T * SU (2) is represented, as a group, by the semi-direct product of SU (2) and the Abelian group R 3 , i.e.
being L i the generators of the SU (2) algebra and T i the generators of R 3 , which behave as vectors under SU (2) rotations as can be seen from the last relation. The linearization of the Poisson structure at the identity of SU (2) provides a Lie algebra structure over the dual algebra su(2) * . Thus, the brackets {I i , I j } = ǫ ij k I k are induced by the coadjoint action of the group SU (2) on its dual algebra, hence the Poisson brackets governing the dynamics of the IRR are the Kirillov-Souriau-Konstant (KSK) brackets.
It has been shown in [47] that the carrier space of the dynamics of the IRR can be generalized to the semisimple Lie group SL(2, C). This can be realized by deforming the Abelian subgroup R 3 into the non-Abelian group SB(2, C), which, we recall, is the Borel Lie subgroup of 2 × 2 upper triangular complex matrices with unit determinant. In particular, SU (2) and SB(2, C) constitute the pair with respect to which SL(2, C) can be regarded as a Drinfel'd double. This means that the triple (sl(2, C), su(2), sb(2, C)) is a Manin triple with respect to the scalar product ·, · in sl (2, C) defined in (2.10), as we have discussed in Sect. 2. In the next section we discuss a new model, which will be referred to as dual, in the sense that it is the analogue of the IRR but modeled on the dual group SB(2, C).
The Dual Model
As carrier space for the dynamics of the dual model in the Lagrangian (respectively Hamiltonian) formulation one can choose the tangent (respectively cotangent) bundle of the group SB(2, C). The latter is the dual Lie group of SU (2) because they are dual partners in a particular polarization realization of SL (2, C) as a Drinfel'd double. A suitable action for the system is the following:
withφ : t ∈ R →g ∈ SB(2, C), the group-valued target space coordinates, so that
is the Maurer-Cartan left invariant one-form on the group manifold, withα k the left-invariant basic one-forms, * is again the Hodge star operator on the source space R satisfying * dt = 1. The symbol T r is used here to represent a suitable scalar product in the Lie algebra sb(2, C). In this case the group is not semi-simple, so there is no scalar product which is both non-degenerate and invariant. Therefore, one has two possible different choices: the scalar product defined by the real and/or imaginary part of the trace, given by (2.10) and (2.15) which is SU (2) and SB(2, C) invariant but degenerate, or one could use the scalar product induced by the Riemannian metric M, which, on the algebra sb(2, C) takes the form ẽ i ,ẽ j = δ ij + ǫ i l3 δ lk ǫ j k3 , positive definite and non-degenerate. However, this is SU (2) invariant but only invariant under left SB(2, C) action. Indeed, by observing that the generatorsẽ i are not Hermitian, (2.18) can be verified to be equivalent to:
so that ((g −1ġ ,g −1ġ )) = 2Re Tr[(g −1ġ ) †g−1ġ ] which is not invariant under right SB(2, C) action, sinceg −1 =g † . We use the latter scalar product: T r(ab) ≡ ((a, b) ), therefore the Lagrangian is left/right invariant under SU (2) but only left SB(2, C) invariant, while the original rotator model was invariant under left/right actions of both groups. Again the group manifold can be embedded in the R 4 ambient space and parametrized so thatg ∈ SB(2, C) can be written asg = 2 u 0ẽ 0 + iu iẽ i withẽ 0 = 1/2 and u 2 0 − u 2 3 = 1. The latter condition follows from the det (g) = 1 condition. This is easily understood from the explicit form of the generators, as written in (2.9):ẽ
In order to be consistent we have then:
Most of these calculations work in the same way as for the IRR model, with the appropriate differences in the parametrizaton ofg ∈ SB (2, C) and in the scalar product (this time invariant only under left SB (2, C) action) which defines the metric h ij ≡ δ ij + ǫ i l3 ǫ j k3 δ lk , hence we will not go through details in this section. Sinceg −1 = 2 u 0ẽ 0 − iu iẽ i we havẽ
where the f ij k = ǫ ijl ǫ l3k are the structure constants of sb(2, C), so that the Lagrangian can be written asL
having definedQ
as left generalized velocities and
Following the same approach as with the IRR, the equations of motion of the system can be found to be
We can then consider (Q i ,Q i ) as tangent bundle coordinates, withQ i implicitly defined, similarly to the rigid rotator case.
The carrier space of the Hamiltonian dynamics is instead T * SB(2, C), with coordinates (Q i ,Ĩ i ), withĨ i the conjugate left momenta defined as usual as
To perform the Legendre transform from T SB(2, C) to T * SB(2, C) we have to invert (4.9), which results inQ 10) leading to the HamiltonianH
the inverse of the metric h ij of (4.7)
. Similarly to what we have done for the rigid rotator, we can introduce the linear combinationĨ = −iĨ iẽ * i over the dual basisẽ * i , such that ẽ * j |ẽ i = δ i j . Following the same steps as in the case of the rigid rotator we can find the symplectic form from the first-order action functional, and it reads
By invertingω we find the Poisson algebra 14) from which the Hamilton equations of motion can be obtained as follows:
The fact thatĨ j are not conserved is expected and it expresses the non-invariance of the model under right SB(2, C) action. One can easily check that right momenta, obtained from rightinvariant vector fields which generate left action, would result to be constants of motion.
Analogously to the IRR case, we can remark that the fibers of T SB(2, C) can be identified with sb(2, C) ≃ R 3 (as a vector space), as well as the fibers of T * SB(2, C), identified with the dual algebra sb(2, C) * , which is also isomorphic, as vector space, to R 3 , but the elements are now components of one-forms. The carrier space of the Hamiltonian dynamics for the dual model T * SB(2, C) is represented, as a group, by the semi-direct product of SB(2, C) and the Abelian group R 3 , i.e. T * SB(2, C) ≃ SB(2, C)⋉R 3 , and the Lie algebra is a semi-direct sum represented by 16) being B i the generators of the SB(2, C) algebra and S i the generators of R 3 . Again, as before for the IRR, the non-trivial Poisson brackets (4.14) can be understood in terms of the coadjoint action of SB(2, C) on its dual algebra.
The Doubled Action
The two models we described can be obtained from the same parent action defined on the whole SL(2, C) group by introducing the natural doubling of coordinates of SL(2, C) as a Drinfel'd double. In this sense they appear as dual.
In this regard, we can introduce the following doubled notation for the sl(2, C) generators:
In this notation, we can rewrite the scalar product of sl(2, C) in (2.10) as
This is the O (3, 3) invariant metric reproducing the fundamental structure in Doubled Geometry, i.e. the usual
The Riemannian product defined in (2.18) can be written instead as
which satisfies the relation H T ηH = η, indicating that H is a pseudo-orthogonal O(3, 3) matrix.
In this way we can clearly see how the metric η and the metric H naturally emerge out. In fact, η corresponds to the O(d, d) invariant metric while H to the so-called generalized metric, with δ ij playing the role of the graviton field G ij and ǫ ij3 playing the role of the Kalb-Ramond field B ij .
Lagrangian description
In order to introduce the Lagrangian formalism of the doubled model on T SL(2, C) we describe it again as a 0 + 1-dimensional group-valued field theory, with dynamical variables φ : t ∈ R → γ(t) ∈ SL(2, C). In particular, using the doubled coordinates we introduced before, the leftinvariant Maurer-Cartan one-form on the group manifold is γ −1 dγ ∈ sl(2, C) ⊗ Ω 1 (SL(2, C)) can be pulled back to R yielding
beingQ I the left generalized velocities, which we can decompose asQ
Both generalized velocities components are coordinates of the tangent bundle of SL(2, C) but A i , B i could also alternatively be interpreted in terms of Generalized Geometry as fiber coordinates of the generalized bundle T ⊕ T * with base space SU (2).
The components of the generalized velocity can be obtained by using the scalar product (2.10):
The doubled action on SL(2, C) can be introduced at this point using both the scalar products, as follows:
where k 1 and k 2 are two real parameters. In terms of generalized velocities, since
we can write the action (up to an overall constant) explicitly in terms of the splitting of sl(2, C) as a Drinfel'd double su(2) ⊲⊳ sb(2, C): 8) with E IJ = k η IJ + H IJ , and we defined k =
. We can observe that the matrix E IJ is nonsingular provided k = 1, which is a condition we assume from now on. Explicitly, in terms of fiber coordinates of T SL(2, C) the Lagrangian gets the form:
The Lagrangian one-form is 10) so that the equations of motion in the intrinsic formulation can be written as 11) being C IP K the structure constants of the sl(2, C) Lie algebra.
Hamiltonian description
As usual, we can define the left generalized momenta in the doubled description as 12) so that the Hamiltonian then reads as:
with
Moreover, we can write the components of I I explicitly in terms of the (A i , B i ) components: 15) so that in terms of the components (I i ,Ĩ i ) the Hamiltonian can be written as follows:
We can consider the linear combination I = − i 2 I I e I * = − i 2 I i e i * +Ĩ iẽ * i , such that, using also γ −1 dγ = 2i α K e K = i α k e k + β kẽ k we obtain the symplectic form ω on T * SL(2, C): 17) from which the Poisson brackets for the generalized momenta can be obtained:
while those between momenta and configuration space variables are unchanged with respect to T * SU (2) and T * SB(2, C). We can write these brackets in compact (and doubled) form as
Finally, the Hamilton equations can be derived as follows:
Relation with Generalized Geometry and Poisson-Lie symmetries
Since we can consider the isomorphism T SL(2, C) ≃ SL(2, C) × sl(2, C) with the fiber
one can rewrite the Poisson algebra (5.18) as
having defined I = iI i e i * , J = iJ i e i * as one-forms andĨ =Ĩ iẽ * i ,J =J iẽ * i as vector fields. Poisson brackets (5.18) are given by the KSK brackets on the coadjoint orbits of SL(2, C), but in particular, they are induced by the bialgebra structure of SL(2, C) and according to (5.21) they can be identified with the C-brackets [60, 61] of Generalized Geometry ‡ for the generalized bundle T ⊕ T * , being {e i * } and {ẽ * i } bases over T * and over T respectively. Namely, the doubled momenta (I i ,Ĩ i ) identify the fiber coordinates of the generalized bundle T ⊕ T * of SU (2). ‡ C-brackets are mixed brackets between vector fields and forms. They generalize Courant and Dorfmann brackets Furthermore, defining Hamiltonian vector fields in terms of Poisson brackets as usual as
and defining in particular X i = {·, I i },X i = {·,Ĩ i }, one can find, because of the non-trivial Poisson bracket (5.18), and by using Jacobi identity: 23) or, in a unified fashion:
This shows, remarkably, that the C-brackets can be obtained as derived brackets [62] from the canonical Poisson brackets of the dynamics.
It is important at this point to summarize and discuss in what sense the two submodels possess Poisson-Lie symmetries. We have seen in Sect. 2 what Poisson-Lie T-duality means and how it is related to the concept of Drinfel'd double. Namely, we have seen that under appropriate conditions the sigma models defined on groups that are dual partners in a Manin triple polarization are indeed dual, in the sense that they describe the same physics even if there is no such manifest symmetry in neither of the two dual actions. Indeed, the two models can be seen to be connected by a canonical transformation on their phase-space variables and classically their dynamics is indistinguishable. However, a parent model can be formulated on the Drinfel'd double group and at this stage Poisson-Lie duality becomes a manifest symmetry and the two submodels can be obtained by gauging conditions. Furthermore, there are two symmetric ways to perform the decomposition: γ =gg or γ = gg. In our simple case, we started from the action of an isotropic rigid rotator on the group manifold SU (2), and having realized that SL(2, C) can be seen as a Drinfel'd double and in particular sl(2, C) = su(2) ⊲⊳ sb(2, C) is a Manin triple, we built the dual model on SB(2, C), they can then be obtained from the generalized action on SL(2, C) under appropriate gauging. In this sense we can see we have the ingredients under which Poisson-Lie duality relies. It is already enough in principle to state that the model is a Poisson-Lie model. However, note that in this case the model is too simple to have Poisson-Lie symmetry, indeed, there does not exist a canonical transformation, that is due to the fact the model under analysis is not a genuine field theory. In fact, this can be found instead in the principal chiral model case [56] .
Recovering the dual models
The standard dynamics of the isotropic rigid rotator and its dual model can be recovered from the doubled Lagrangian we have introduced. In order to get back one of the two models one has to impose constraints, as is customary in DFT. In particular, one has to gauge either SU (2) or SB(2, C) and integrate out.
For definiteness, we specify and fix a local Iwasawa decomposition for the elements of SL(2, C) as γ =gg, withg ∈ SB(2, C) and g ∈ SU (2). From the action in (5.7) and the properties we have remarked on the two scalar products defined on SL(2, C), it can be seen that the Lagrangian is manifestly globally invariant under both left and right SU (2) actions but only under left SB(2, C) action. Therefore, in order to recover the T SU (2) rotator description this left SB(2, C) invariance has to be promoted to a gauge symmetry and then gauged appropriately. The left SB(2, C) action is given by SB(2, C) L : γ →hγ =hgg, ∀h ∈ SB(2, C).
(5.25)
Promoting this global symmetry to a gauge one, we modify the Maurer-Cartan one-form defining the covariant exterior derivative DC = d +C, whereC is the gauge connection one-formC = C i (t)ẽ i , so that
We can make explicit the doubled notation by performing the following splitting: 27) whose components can be obtained from
and
These can be computed explicitly by means the coadjoint action of g,g on e j ,ẽ j represented by the Lie brackets (2.8) (for the e i ), (2.12) and (2.13). However, this is not necessary for our purposes and details can be found in [46] . In terms of these new degrees of freedom we can write down the doubled Lagrangian with the gauge connection added, so the gauged Lagrangian reads
Then, performing the transformation It is easy to see that the Jacobian determinant of theC → U transformation is constant since the matrices involved in the gauge transformations are constant, hence it only results in a regularization factor. Using the fact that the Gaussian integral over U is also a constant, the partition function can be finally written in the form Z ∝ D g Dge In order to compare with the IRR action (3.1) we can make a step further. It is possible to introduce the endomorphism E of sl(2, C) = su(2) ⊕ sb(2, C) which preserves the Drinfel'd splitting, defined by the constant matrix
such that we can make the following splitting-preserving change of variables on sl(2, C) as a Drinfel'd double: 38) In this way, we can write the Maurer-Cartan left-invariant one-forms as
The endomorphism E induces an exponential map exp(E) : SL(2, C) → SL(2, C) such that γ =gg is mapped into γ ′ =g ′ g ′ , so that the integration measure can be transformed into D g ′ Dg′, hence up to a constant factor (the determinant of exp(E)) the partition function can be written as
Clearly the integration overg ′ gives another constant, while the other integral is the partition function of the IRR model.
The dual model with carrier space T SB(2, C) can be recovered following exactly the same procedure but gauging this time the global right SU (2) action invariance. The main difference with respect to the previous case is that the gauge connection one-form is now su(2)-valued, and under the integral it is suitable to be traded for the integration over the dual analogue of W in (5.27) . This case has been carried out in detail in [46] .
Conclusions
After reviewing some of the fundamental aspects of Drinfel'd double and Poisson-Lie T-duality, we have considered the dynamics of the three-dimensional isotropic rigid rotator on the group manifold of SU (2) and its dual model on the group SB(2, C), first introduced in [46] , in the spirit of outlining their connection with Poisson-Lie sigma models. We have analyzed the two models from the Poisson-Lie duality point of view, building a doubled generalized model with T SL(2, C) as carrier space. This was done with the purpose of exploring more deeply the relations between Poisson-Lie symmetries, Double Geometry and Generalized Geometry in a particularly simple system so that the framework could be more easily and explicitly understood. In fact, we were able to recover all the mentioned structures in such a simple system; for example, we found a Poisson realization of the C-brackets for the generalized bundle T ⊕ T * over SU (2) from the Poisson algebra of the generalized model. This shows that C-brackets can be obtained as derived brackets, in analogy with the ideas presented in [60, 61] , with the remarkable property that in this case they are derived from the Poisson brackets of the dynamics.
The two dual models exhibit many characteristics of dual Poisson-Lie sigma models and from the generalized action both can be recovered by gauging one of its symmetries, as it is customary in the framework of Double Field Theory. However, the dynamics described by the two models is not equivalent.
DFT has the purpose of making T-duality manifest in the target space low-energy effective theory. Many attempts have been done in the direction of generalizing the DFT description to Poisson-Lie T-duality, which is a generalization of the standard Abelian and non-Abelian concepts of T-dualities, see e.g. [50] . However, a manifest implementation of T-duality already at the level of world-sheet string action has not been yet clearly recovered, which would be of course even more interesting. The isotropic rigid rotator is a toy model, representing a sigma model in 0 + 1 dimensions. Its true field theory generalization, which is the Principal Chiral Model, is presented in [56] ; the inclusion into the latter of a Wess-Zumino term is currently under investigation [57] . Besides being interesting per se, these models may contribute to a better understanding of the string world-sheet formulation, with the possibility of writing a manifestly O(d, d) T-duality invariant doubled action in a more rigorous way and then performing the low energy limit where all the results obtained in Double Field Theory should be recovered.
